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Schur’s lemma is a theorem in group representation theory which states

the following.

Lemma 1. Suppose a group G has an irreducible representation R (g) for
g ∈G. Then if there is a matrix A that commutes with all R (g), then A is a
multiple of the identity matrix I . That is, if

AR (g) =R (g)A for all g ∈G (1)

then

A= λI (2)

for some number λ.

To clarify, an irreducible representation of a group is essentially a matrix
representation with the smallest possible order. We can prove the lemma as
follows.

Proof. First, we suppose that R is a unitary representation. Although not
all representations are unitary, the unitarity theorem tells us that is always
possible to convert a representation into a unitary representation, so the
assumption of unitarity is without loss of generality.

Now consider the hermitean conjugate of 1:

R† (g)A† = A†R† (g) (3)

R−1 (g)A† = A†R−1 (g) (4)

where the last line follows because R is unitary, so R† =R−1. Multiplying
left and right by R (g), we have

A†R (g) =R (g)A† (5)

We can take the sum and difference of 1 and 5 to get the conditions
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Thus in the original condition 1 we can take A to be hermitean without
loss of generality.

A hermitean matrix A can be diagonalized by a unitary matrix W whose
columns are the normalized eigenvectors of A. That is, we have

A=W †HW (8)
where H is diagonal. We can then convert the representation matrices R (g)
to this basis in whichA becomes the diagonal matrixH . That is, we convert
R (g) to the matrix D (g) according to

R (g) =W †D (g)W (9)
Note that, although H is diagonal, D (g) is not, in general.

Using this, 1 becomes(
W †HW

)(
W †D (g)W

)
=
(
W †D (g)W

)(
W †HW

)
(10)

or, since W † =W−1 since W is unitary:

W−1HD (g)W =W−1D (g)HW (11)
We now left-multiply byW and right-multiply byW−1 to get the final form

HD (g) =D (g)H (12)
Although it looks like we haven’t got anywhere since this equation has the
same form as 1, the important point is the H is now diagonal.

Now consider the ij component of each side of 12. Since H is diagonal,
the ij component of the LHS is (no sum over repeated indices):

[HD (g)]i j =Hi
iD

i
j (g) (13)

The ij component of the RHS is

[D (g)H]i j =Di
j (g)H

j
j (14)
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Combining these two equations we have (since we’re considering individual
components of a matrix, the order of multiplication doesn’t matter):(

Hi
i−H

j
j

)
Di

j (g) = 0 (15)

This equation must be valid for all group elements g. Since H doesn’t
depend on g, we can conclude that Hi

i = Hj
j if Di

j (g) 6= 0 for at least
one group element g ∈ G. In his proof of Schur’s lemma in Chapter II.2,
Zee implies that if the representation D is irreducible, this is always true,
but doesn’t provide a proof. It’s not obvious (to me, at least) that this is true,
but we can see it as follows.

Suppose that Di
j (g) = 0 for a particular choice of i and j, for all g.

Then consider a set of vectors V (g) representing the group elements in
which each V (g) contains a 1 at one position and zeroes elsewhere, as we
did for S3 earlier. Then for some i 6= j and all g

Di
j (g) = V T (i)D (g)V (j) (16)

where V (j) is the basis vector with a 1 at the jth position and zeroes else-
where. In terms of vectors, the action of D (g) on any basis vector except
V (i) results in a vector D (g)V (j) that is orthogonal to V (i). That is,
we can represent the group by a subspace spanned by V (j) where j 6= i,
so the representation is reducible. Thus for an irreducible representation,
Di

j (g) 6= 0 for at least one group element g.
Returning to 15, we can then conclude that Hi

i = Hj
j for all i and j,

which results in H being a multiple of I . �

Example 1. For an abelian group, all matrices in a representation commute
with each other, so we can takeH =D (g′) in 12, where g′ is any element in
the abelian group. Thus all matrices in a representation of an abelian group
are multiples of I , so the irreducible representation of an abelian group is
one dimensional.
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